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ARTICLE INFO ABSTRACT

Dataset link: ethz-b-000593923 Understanding fracture in cementitious materials caused by the deposition and growth of
Keywords: corrosion products requires scale-bridging approaches due to the large length-scale difference
Corrosior;-driven fracture between the micro-pores, where deposition occurs, and the structure, where deterioration
Concrete manifests. Cementitious materials bear a highly heterogeneous micro-structure owing to the
Diffusion fractal nature of micro-pores. Simultaneously, a corrosion-driven fracture is a multi-physics
Spectral method problem involving ionic diffusion, chemical reactions, and stress development. This multi-
Phase-field model scale and multi-physical character makes scale-bridging studies computationally costly, often

leading to the use of simplified fractal porous media, which has important consequences for
the quantitative interpretation of the results. Recent advances in homogenization approaches
using Fast-Fourier-Transform (FFT) based methods have raised interest due to their ease of
implementation and low computational cost. This paper presents an FFT-based framework for
solving corrosion-driven fractures within fractal porous media. We demonstrate the effectiveness
of the Fourier-based spectral method in resolving the multiple corrosion-driven mechanisms
such as ionic diffusion, stress development, and damage within a fractal porous microstructure.
Based on the presented methodology, we analyse the impact of simplifying fractal porous
media with simple Euclidean geometry on corrosion-driven fracture. Our results demonstrate the
importance of preserving both the porosity and fractal nature of pores for precise and reliable
modelling of corrosion-driven failure mechanisms.

1. Introduction

Corrosion of steel reinforcement bars in concrete plays a significant role in a structure’s durability and serviceability life-
time (Angst, 2018; Bertolini et al., 2003). Ferrous ions released at the steel-concrete interface diffuse through the pores in the
concrete and undergo many chemical reactions leading to the precipitation of corrosion products, as schematically illustrated
in Fig. 1. These precipitates, which are confined in the pore space, grow over time, exerting pressure onto the pore walls,
subsequently leading to internal cracking around the pore space and eventually to macroscopic cracks. Even though the underlying
processes are generally well recognized for their contributions to the degradation of steel-reinforced concrete, a precise and
quantitative description of this multi-physical process remains missing. One major reason is that the pore space in concrete is
highly complex (Ulm, 2003; Ioannidou et al., 2016). The pore sizes range from the nanometre-scale to the micrometre-scale, and
pore surfaces are fractal, i.e. features exhibit similar patterns across all of these length scales. The complex and concealed nature of
pore spaces thus makes it difficult to assess the aforementioned corrosion-driven mechanisms and the induced damage from external
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Stage II : Precipitation

Steel-cement Interface

Fig. 1. Corrosion-driven mechanisms. Schematic figure showing various corrosion-driven mechanisms that lead to fracture in porous media. The entire corrosion
process is divided into 3 stages. Stage I: The ferrous ions released at the steel-concrete interface undergo diffusion through the pore space (shown in white).
Stage II: Over time, the ferrous ions precipitate and the precipitates grow within these pores. Stage III: The growth of the precipitates results in the development
of stresses within the solid (shown in grey) and, consequently, crack initiation and propagation.

examination of structures. Therefore, numerical simulations have been an important tool to study the corrosion-driven mechanisms
at the pore scale and to analyse their effect on a structure’s durability and its serviceability lifetime.

These approaches often rely on synthetic representations of the pore space built from data derived from measurement techniques
such as Mercury Intrusion Porosimetry (MIP), nitrogen-adsorption (Zhu et al., 2019; Gao et al., 2014; Pia and Sanna, 2013; Zeng
etal., 2013; Yang et al., 2017; Jilesen et al., 2012; Zhang and Li, 1995; Winslow et al., 1995) or tomography (x—CT, FIB-SEM) (Okabe
and Blunt, 2005; Wang et al., 2009). These synthetic pore spaces are then employed in numerical frameworks, such as the finite-
element method, pore network model, and Lattice Boltzmann method, to simulate various physical mechanisms within representative
volumes. To bridge the physical mechanisms within the micro-pores to a structure’s degradation at the macroscale, a multi-scale
homogenization approach is followed. In these frameworks, the pore space is modelled either implicitly (Dormieux et al., 2006) or
explicitly (Geers et al., 2010), where the complex pore space is often simplified using simple geometries such as spheres, cylinders
and ellipsoids (Liu et al., 2020; Maekawa, 2014). The main purpose is to reduce the computational complexities (high computational
cost, complex analytical formulations) associated with high-resolution simulations of diffusion, stress development and crack
initiation in a fractal domain. Although this idealization of a fractal space into a smooth Euclidean space (cylinder/sphere) is
necessary, it approximates the studied physical process. For example, idealizing a fractal surface with a smooth surface approximates
the stress development and the effective diffusion path of ferrous ions in the porous material, which affects the precipitation of
corrosion products and the initiation of cracks. Therefore, an accurate representation of the pore space is necessary to fully capture
and understand the influence of corrosion-driven mechanisms at the structural scale. In this paper, we will answer the question if it is
possible to preserve the actual representation of the pore space and simulate the corrosion-driven mechanisms in a computationally
efficient manner. Thus, the aim is to present a single numerical framework for corrosion-driven processes that simultaneously
includes the diffusion of chemical species, the stress development due to the growth of precipitates, and crack initiation, while
being computationally less demanding than conventional approaches and being straightforward to implement for fractal spaces.
Such a single framework allows for studying the interplay among all the mechanisms involved in this multi-physics-driven fracture
process. Specifically, the microstructural details such as pore shape, pore geometry and distribution of pores and how these features
affect various corrosion-driven mechanisms.

The paper is organized as follows: In Section 2, we present the numerical framework based on the spectral method (Moulinec
and Suquet, 1998; de Geus et al.,, 2017; Leute et al., 2022; Bonnet, 2017) to simulate multiple corrosion-driven mechanisms
simultaneously in a given microstructure: diffusion within the pore space, the stress development due to the growth of precipitates
and the crack initiation in the matrix. In Section 3, we employ the presented framework to simulate the mechanisms above in
fractal pore spaces reconstructed from tomographic scans of cementitious materials. We apply the proposed framework to a multi-
scale setting to study the initiation and propagation of cracks over time. We analyse how the creation of micro-cracks changes a
pore structure over time, influencing the pore structure’s total porosity. In Section 4, we employ the presented methodology to
compare an actual pore space to its approximated counterpart and highlight the effect approximation of pore space has on different
physical mechanisms. We show that preserving the porosity as well as the pore shape is important for the reliable modelling of
corrosion-driven failure mechanisms. In Section 5, we discuss the importance of microstructural features such as pore shape and
distribution of pores to various corrosion-driven mechanisms. We rationalize the usage of the presented framework to understand
the optimal microstructural features required for the durability of cementitious materials against corrosion-driven damage. Finally,
in Section 6, we conclude our study by discussing the possible applications of the proposed numerical framework, especially in
modelling reaction—diffusion-driven internal cracking in porous media.

2. Methodology

This section presents the numerical framework for corrosion-driven mechanisms (see Fig. 1) based on the Fourier-based spectral
method. Applying the Fast-Fourier Transform (FFT) to solve partial differential equations makes spectral methods more efficient



M. Pundir et al. Journal of the Mechanics and Physics of Solids 179 (2023) 105388

than conventional methods. Since an FFT-based approach requires a pixel-based representation of the structure, its application to
tomographic scans of porous media is straightforward.

We consider a porous structure 2 in n-dimensional space, where n € [1,2,3]. The solid phase is denoted as 2, and the pores as ©,.
The volume fraction of the pore space is denoted as # = €,/Q. The porous structure is subjected to an overall concentration gradient
Ve and an overall strain ¢,,.. In a multi-scale setting, Vc,,. and €.,. represent macroscale quantities and £ the underlying
representative volume element (RVE) (Geers et al., 2010). In the next few sections, we employ FFT-based methodology to calculate
the micro-scale quantities, which are concentration of diffusive species, stresses and fracture. We choose the FFT-based Galerkin
method (Vondfejc et al., 2014) in which the gradients of concentration and displacement are the primary degrees of freedom.

2.1. Diffusion process

The diffusion of ions within the pore phase 2, (see stage I in Fig. 1) is simulated by solving the static diffusion equation over the
whole domain £ until the average concentration gradient is equal to the applied overall concentration gradient, i.e. (Ve(x)) = Vegaes
which is given by Fick’s law as,

V-jx) =0, 3(Ve(x)) = Vep, (€))
where j is the flux defined as j = —D - Ve(x) and D is the diffusion tensor at each spatial point x defined as

w=1 VxeQ

)
w=0 VxeL,

D = @Dyl + (1 — @)Dy I.  where {

To solve the diffusion equation using the spectral method, the weak form of the equation is reformulated such that the unknown

quantity is Ve(x). The derivation of the weak form for Eq. (1) (identical to other elliptic problems such as for static equilibrium in

solids) is covered in great detail in the literature (Zeman et al., 2017; de Geus et al., 2017). Therefore, only the main fundamentals
essential to the proposed framework are discussed here. With Vc(x) satisfying periodic conditions, the weak form is given as

/ 6Ve - j(x)dR2 =0, 3)
Q

where §Vc is the test function. A 2nd-order projection operator G imposes the compatibility conditions (periodic and curl vanishes)
on §Ve. For details on the operator G, please refer to Appendix A. The projection is calculated through a convolution operation
between G and an arbitrary vector V¢, denoted as (G * 5Vc)(x) = /_fo G(x) : 6Ve(x — y) dy. The weak form is now given as

/ (G * 6Ve)(x) - j(x) dQ = / 6Ve(x) - (G * j)(x) d2 =0 4
Q Q

where the symmetry of operator G is used. The domain is discretized into n grids along each direction with discretization length
A = 1/n, where [ represents the side length. Employing the Galerkin approach (de Geus et al., 2017; Zeman et al., 2017), the unknown
continuous fields, i.e. Ve(x) and Sﬂ(x), are approximated by multiplying discrete values Ve(x,) and 5%(3:,() with shape functions
N defined at n grid points, i.e. Ve(x) = Y7 _, Ve(x )N (x,) and oVe(x) = Yot 5%(xk)/\f (x;). Upon applying the discretization, the
weak form of Eq. (4) can be written as:

/ D N x)aVe(xy) (G # j)x,) d2 =0 (5)
Q%

[ ——
[6Ve]T:[N]

where [x] represents a column vector (nx 1) of quantity x evaluated at each grid points. The above equation must hold for any sVe,

therefore, /_Q [N]-(G = j)(x;)dQ = 0. A trapezoidal scheme, similar to de Geus et al. (2017) is chosen for the integration, whereby
nodal points x, serve as integration points with equal weights. This simplifies the approximated weak form, which reads:

N INIx(G # j)x) =0 . ©

k=1

In the above equation, convolution is performed in Fourier space and then transformed back to the real space, which reads
FHGE) 1 5©) =0, @

where £ is the wavevector, f (&) represents the Fourier transform F of a field f and F~! inverse transform to real space. For a given
overall concentration gradient Ve, , the above equation is solved using an iterative solver such as a Conjugate Gradient solver. For
a non-linear behaviour of j(Ve(x)), the solution of Eq. (7) requires Newton-Raphson iterations in addition to a Conjugate gradient
solver (de Geus et al., 2017). Algorithm 1 explains the numerical algorithm for the solution of Eq. (7) using a Newton—-Raphson
iteration along with a linear iterative solver. Finally, the solution to Eq. (7) yields the concentration gradient Ve(x) within the
microstructure. To estimate corrosion products’ precipitation (discussed later in Section 2.2), one requires concentration values c(x)
of diffusive species. Therefore, we now discuss the methodology to construct concentration c¢(x) from the computed Ve(x). The
concentration gradient in the representative volume is expressed as

Ve(x) = Ve + Vo(x) (8)
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where V¢(x) is the periodic fluctuation of the concentration gradient due to the presence of heterogeneities in the micro-
structure (Dormieux et al., 2006; To and Bonnet, 2020). Integrating the above equation gives the concentration of diffusive species
within the microstructure, which reads:

c(x)=Vepae - x+p(x)+ ()]

where f is the integration constant, and ¢(x) is the micro-fluctuations in the concentration of ions caused by the presence of
heterogeneities. Both contributions are unknown. First, we determine ¢(x) by solving the derivative equation of Eq. (8):

Ap(x) =V - (Ve(x)) =0 (10)

where we used that V - (chac) = 0, and the local concentration gradient Ve(x) is known (from the solution of Egs. (1) and (7)).
Then, considering f, we note from Egs. (9) and (10) that we can choose any arbitrary value for f without affecting the solution
to Eq. (7). We chose the value of g, so the local concentration ¢(x) in the pores and the solid phase satisfy two conditions: (i) the
average concentration in the solid phase must be zero i.e. {¢(x)),,;q = 0 and (ii) the average concentration in the pores must be equal
to the macro-concentration of the ions divided by the porosity 7, i.e. {(¢(X))pore = €mac/n (Dormieux et al., 2006). The above two
conditions apply only to a system where the solid phase has a negligible diffusion coefficient compared to the pores. On averaging
Eq. (9) over each phase and then plugging in the required average concentration values for each phase, we find two different values
of p:

ﬁpore = Cmac/rl - <chac : x)pore - <¢’(x)>pore (1 13)

ﬁsolid = _<chac : x)solid - <¢(x)>solid (11b)

Substituting f,. into Eq. (9) yields the concentration within the pores as

c(x) = chac "X+ ¢(x) + cmac/n - <chac : x)pore - <¢(x)>pore’ for x € ‘onre . 12)

Thus, the derived ionic concentration ¢(x) can be employed to model various chemical reactions that will lead to the precipitation
of corrosion products. The above methodology ensures that the average values of (f(x)) and (¢(x)) are 0 such that the average of
local concentration c(x) thus obtained is equal to the macroscopic concentration i.e. {c(x)) = ¢yqc-

In the next section, we present the methodology to estimate the corrosion product concentration caused by the ionic concentration
c(x) (see stage II in Fig. 1). This will later be used to compute the pressure developed due to their growth within the pores.

2.2. Precipitation of corrosion products and pressurization of pores

After acquiring the concentration of ferrous ions within the pore space, we estimate the precipitation of corrosion products. The
complex chemical reactions and phase changes in this process require thermodynamically consistent modelling for cementitious
materials. In the literature, various empirical relations or thermodynamic-consistent methods, namely the Gibbs energy minimization
method or the law of mass-action method, exist for calculating precipitation. In principle, all approaches seek local chemical
equilibrium between the chemical species to estimate the concentration of corrosion products. Since such approaches have been
well-established, we do not discuss them here, and a reader can find a detailed description of various methodologies elsewhere (Kulik
et al., 2012; Leal et al., 2016; Furcas et al., 2022). For our methodology, one can choose any of these approaches to determine the
precipitate concentration at each grid point; irrespective of the approach employed, the proposed methodology remains the same.
For this paper, we employ a thermodynamically-consistent approach to estimate the precipitation of corrosion products. The growth
of the corrosion products leads to the pressurization of pores. In this paper, we consider the pressurization of pores due to the
expansion of the corrosion products. We calculate an isotropic eigenstrain due to the expansion of corrosion products at a spatial
point x, which is given as:

Vopi () = V(x) *), =% ifx>0
£u(X) = MI, where () ! 13)
¢ V(x) (x),=0 ifx<0
where V,,;;(x) is the precipitate’s volume, V' (x) is the volume associated with the grid point x and (*)+ represents Macaulay brackets.

Expressing the volume of the precipitate in terms of concentration simplifies the relation, which reads:

Ecig () = (c()Mpp = 1) T (14)
where M, is the molar volume of the precipitate. In the next section, we apply these eigenstrains within the pore space and solve
for the stresses developed.

2.3. Stress development
Under these eigenstrains, we solve for static mechanical equilibrium in £ until the average strain within the microstructure is
equal to the overall applied macro strain €,,,.. The strong form equation for static mechanical equilibrium is thus given as

VC: (e(x)— Eig(x)) =0, > (e(x)) = €ac - (15)

| S ———

c
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The stiffness tensor C at a point x is defined as

w=1 Vxe€Q

(16)
w=0 Vx €,

C(x) = @Cyyjig + (1 = @)Cpore.  Where {
where for a given phase C; = ,,1®I+2y]1, and 4; and y; being the Lame’s constants for phase i. The reformulation of the mechanical
problem using the spectral method is similar to the diffusion problem formulation described earlier. Thus, the discretized weak form
is given as:

FHG,L©) : 68} =0 17)

where G, represents a 4th-order projection operator that imposes compatibility conditions on &(x) (for further details on G,, please
refer to Appendix A). Since the above equation is subjected to both eigenstrains within the pores and an overall strain ¢,,,, we
solve the equation using a Newton-Raphson approach until the divergence r(x) = —Vo(e(x) — &, (x)) approaches 0. Within each
iteration step of the Newton-Raphson solver, Eq. (17) is solved using a linear iterative solver. Algorithm 1 summarizes the numerical
algorithm for solving the above equation subjected to eigenstrains within pores and an overall strain. Next, we determine the crack’s
initiation and propagation based on the strain state in the solid phase (see stage III in Fig. 1).

2.4. Crack initiation and propagation

We chose a variational phase-field approach (Marigo, 2014; Miehe et al., 2010) for modelling fracture within the solid phase.
A sharp crack interface is regularized over a finite length /, where the damage within this regularized length is represented
by a variable d that varies from O (unbroken) to 1 (completely broken). For this paper, we chose the hybrid anisotropic
formulation (Ambati et al., 2014) for the evolution of damage variable d whose strong form reads:

A
_Sog vay Seqiata =t (18)
2 21,

The term H* is the history field that stores the maximum strain energy at a point throughout a simulation, ie. H* =
max g0, W (e*(x,7)). The total elastic energy y is decomposed to its positive y* and negative y~ parts where only the strain
energy associated with tension and shear, i.e. y* (see Eq. (19)) contributes to the creation of cracks (Ambati et al., 2014; Amor
et al., 2009). The formulation thus prevents the formation of cracks in the compressed region and also, the penetration of cracks
surface upon crack closure. The positive part of the strain energy density w* is given as:

vt = %(/1 + 2—'“)[tr(£)]i + (el : gdev) 19
n

where A, 4 are Lame’s coefficients, [*]+ = %(* +* D, €9V =¢ — ltr(s)I and n being the dimensional space.
In Eq. (18), the parameter /, represents the regularized length scale, and G, represents the fracture energy of the material. We
compute the Laplacian of d, i.e. V- Vd in Fourier space and transform it back to the real space, hence Eq. (18) becomes
A ~ .
- %P—l (i€ -ig d(©&) + fT‘d(x) +HYd(x)=H", (20)
0
which is then solved using a linear iterative solver such as GMRES (Saad and Schultz, 1986). The stiffness tensor C in Eq. (15)
is updated to account for the reduction in stiffness due to micro-cracks within the solid. The degraded stiffness tensor at a point
is given as ((1 — d)*> + x)C(x), where « is a small artificial residual stiffness of the completely broken solid phase to keep Eq. (15)
well-posed as d approaches 1.

2.5. Combined methodology for corrosion-driven fracture

Algorithm 1 summarizes the entire methodology for the corrosion-driven fracture using an FFT-based method. We use a staggered
solution scheme, which solves each mechanism in a sequential manner. We first solve the diffusion problem for given overall
boundary conditions and then use the local concentrations obtained to estimate corrosion products’ concentration. Similarly, the
mechanical problem is solved for the obtained eigenstrains first, so strains £(x) are known when the phase-field problem is solved
for the initiation and propagation of cracks. The staggered scheme thus requires a small time step to minimize numerical errors.
Despite this restriction, the staggered scheme allows for a straightforward implementation of the multi-physics problems.

2.6. Gibbs ringing artefacts

The spectral-based method employs trigonometric basis functions, which are continuous with global support. Therefore, any
contrast in local properties leads to Gibbs ringing artefacts (results show high-frequency oscillations or checkerboard patterns around
the discontinuities). In Fig. 2, we show these artefacts for different corrosion-relevant mechanisms (details of specific simulation
are provided in Section 3) when Fourier-based gradient operator i¢ is employed (represented by the blue curve in the sub-figures).
Various discrete operators with local support have been proposed in the literature to mitigate Gibbs ringing artefacts. A few of
such operators are the central difference operator i£, = (isin(¢,4) — 1)/4, a higher-order central difference operator (8th) and the
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Algorithm 1 FFT-based algorithm for corrosion-driven fracture problems

1: For a given overall concentration gradient Vc,,,. and an overall strain £,

Diffusion of chemical species

2: 1(x) ==V - j(Vepae)s Vex) = Ve > j(Ve)=D - Ve
3: solve : PTHG(E) : GV} = FH{GE@) : j()(©) > Linear iterative solver
4: update : Ve(x)™*! = Ve(x) + F1{6Ve(&)}

5: solve : ¢(&) = V(E)Ve(&)/V(E).V(E), ¢(x)=F! {$(§)} > Periodic fluctuations
6: solve : c(x) = Vepe - X + $(X) + o /11 = (Vemae * X)pore = (@(X))pores  fOr x € L > Concentration

Pressurization of pores
7: solve : precipitation at each spatial point x
8: compute : eigen strains £.,(x)

Development of stresses

9: 1(x) = =V (Epge)s €X) = Epae >o()=C:e
10: while true do -
1 solve : F-HG,(&) : 6(6)(&)} = F~HEG,(&) : a(N(©&)} > Linear iterative solver

122 update : e(x)*! = e(x) + F~ {6£(&)}
13: if ||6e(x)|| < tol then break

14: else

15: r(x) = =Vo(e(x)*! — £, (x))

Crack initiation and propagation
I} ~
16: solve : —%P*‘ {i€A&€ d(&)} + ngcd(x) +Hd(x)=H > Linear iterative solver
0

17: update: stiffness tensor C > Material degradation

forward difference operator i¢, = (exp(i£,4) — 1)/4. In the expressions described above, A represents the grid size in real space,
and a represents the spatial direction. We employ these operators to simulate corrosion-related mechanisms and compare their
effectiveness in reducing Gibbs artefacts observed in fluxes, stresses and damages. Overall, the high-frequency oscillations or Gibbs
artefacts are considerably suppressed by the aforementioned discrete operators (see Fig. 2). However, we observe that the forward-
difference gradient operator is the most effective among all the considered operators for mitigating Gibbs’ ringing artefacts. For
all mechanisms considered, it leads to smooth transitions across the discontinuities. Therefore, in the following, we will use the
forward-difference gradient operator for simulations of corrosion-driven fracture.

3. Corrosion-driven fracture in cementitious material

This section employs the presented numerical framework to simulate corrosion-driven fracture in a cementitious material. We
consider an actual 2D scan of a cementitious sample with a porosity of n = 0.36 obtained using focused ion beam scanning electron
microscopy (see Fig. 3a). The sample has dimensions of [0,/] x [0,/], where / = 1 mm, and it is discretized into 199? grid points.
An odd number of grid points is chosen to maintain the compatibility of the concentration gradient and deformation gradient (see
Zeman et al., 2017; Leute et al., 2022, for details). The free diffusion coefficient of ferrous ions within the saturated pores is taken as
Dpore = 1 mol/mm?s. For a porous micro-structure, the diffusion coefficient within the solid phase should be 0. However, a negligible
value of D;y ~ 0 leads to numerical difficulty in convergence, and any finite value leads to non-physical diffusive fluxes and
concentrations within the solid. Therefore, we conducted a sensitivity analysis to determine an optimal value for the free diffusion
coefficient in the solid phase (see Appendix B). We note that a value of Dyyiq = Dpore/ 10° leads to optimal results. The material
parameters for the solid phase are chosen as: elastic modulus E = 10 MPa, Poisson ratio v = 0.2, critical strength ¢, = 10 MPa, and
critical fracture energy G. = 10 J/m?. The regularized length /, = 0.01 mm for the phase-field simulation is chosen based on the
relation 6, = 94/EG,/6l,/16 (Borden et al., 2012). Since pores are saturated with water, we consider material parameters of water
E =1 MPa and v = 0.49 for the pore space. To demonstrate the capabilities of our approach, we consider precipitation of Fe(OH),
only, but there are no limitations to the type of precipitation. At a constant pH of 8, as soon as the local concentration of ferrous ions
exceeds the solubility limit of 103 mol/L, chemical reactions lead to the precipitation of Fe(OH), (Furcas et al., 2022; Stefanoni
et al., 2018b). Thus, the concentration of precipitated Fe(OH), is computed by subtracting the solubility limit S(pH) = 10~ mol/L
from the total concentration of ferrous ions ie. ¢(x) — S(pH). Meanwhile, the concentration of ferrous ions saturates to S(pH). The
material parameters for Fe(OH), considered are: density p = 3.4 g/cm® and molar volume M = 26 cm3/mol.
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Fig. 2. Effect of gradient operators on different corrosion-relevant mechanisms. Two cross-sections along a microstructure are considered and computed with
different gradient operators. The grey area represents the solid, and the white presents the pore. (a) Fluxes, stresses and damage values (from left to right)
along a horizontal cross-section (marked by line in inset). (b) Fluxes, stresses and damage values (from left to right) along a vertical cross-section (marked by
line in inset). The material contrast between the pores and the solid is 10%, i.e. D,,,./D,,;y = 10° and E,,;;/E,,, = 10°. The results shown are for an overall
concentration gradient Ve,,,. = 1 and an overall strain £, = 107,

3.1. Different corrosion-mechanisms within a micro-structure

We simulate the physical process within the microstructure under static conditions, i.e. at a certain instance in time. We assume
that the sample is subjected to an overall concentration gradient of Vc,,. = 10~® mol/mm and an overall strain of ¢,,. = 0 at a
constant pH of 8. Furthermore, we arbitrarily chose a macro-concentration (c) value (superimposed to the gradient) to compute
the micro-concentrations within the pore space (see Eq. (12)). The values of V¢, and (c) are chosen to ensure that the local
concentration of ferrous ions c(x) reach the solubility limit S(pH) = 103 mol/L (see Fig. 3b) and Fe(OH), precipitates within pores
(see Fig. 3c), which leads to eigenstrains induced by the volume expansion of Fe(OH), (see Fig. 3d). Due to the fractal nature of the
microstructure, we observe the concentration of stresses along the pore boundaries (see Figs. 3e and 3f). We observe the initiation
of several micro-cracks along the pore boundaries (see Fig. 3i), which result from stress concentration along the pore interface.

We note that this 2D simulation with 199 x 199 grid points, performed on a single-core machine, takes approx 5 s for the
diffusion problem, 15 s for the elasticity problem, and 9 s for solving the phase-field equation, totalling 29 s. The majority of the
simulation time ~ 90% is spent in constructing the two projection operators G and G, which is constructed only once.

3.2. Evolution of micro-cracks within a micro-structure

Next, we apply the proposed methodology to study how stresses and, subsequently, the micro-cracks develop within a micro-
structure over time. To simulate the temporal evolution of the corrosion-driven mechanisms, we employ a multi-scale setting (see
Fig. 4). To this end, we consider a bar composed of cementitious material whose lower surface is subjected to a constant flux of
ferrous ions (see Fig. 4-left). The lower surface is representative of a Steel-Concrete Interface (SCI) where steel corrosion happens
in cementitious materials. The fluxes are zero at other boundaries. Each material point of the bar, represented as X, is coupled
to a representative volume element (RVE), in this case, the fractal porous media considered previously. Here, we use the same
microstructure for every point, but there are no technical limitations to generate different microstructures for each point. The
diffusion coefficients (Dpoe, Dyoiig) for an RVE are considered as described previously. The diffusion process is simulated using a
multi-scale approach where macroscopic concentration gradients are applied to the RVEs, in which the effective diffusive flux i.e.
(j(x)) is computed and then upscaled to the macro scale, where it is used to compute the macroscopic concentration of ferrous ions
in the bar. The multi-scale approach is only used for the diffusion process; all other processes are simulated only locally within the
RVEs. At the macro-scale, we solve Eq. (1) using a finite difference scheme. For a constant pH system, as considered in this study,
the precipitation occurs as soon as the ferrous ion concentration reaches the solubility limit S(pH). Finally, the stresses within the
solid phase are computed assuming a zero overall strain i.e. €,,. = 0 at each time step. The material parameters (E,v,o,.,G,, [,) are
considered as described previously.

We analyse the results for the RVE located at a distance of 5 mm from the steel-concrete interface (see Fig. 4). Unlike the
corrosion products, the stresses within the solid phase of the RVE form after a delay (see Figs. 5a and 5b). The stresses develop after
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Fig. 3. Corrosion-driven mechanisms in fractal pore space. (a) The microstructure from a scan of a cementitious sample. (b) The concentration of ferrous ions
(computed from Eq. (12)) within the pore space assuming an average concentration of (c) = 2 x 10~ mol/mm?. Ferrous ions concentration is normalized by
macro-concentration (c). (¢c) The concentration of precipitate Fe(OH), (c,,) at a constant pH of 8 and solubility limit of 10~ mol/mm’. Concentrations are
normalized by (c). (d) Eigenstrains ¢,;, developed due to the expansion of Fe(OH), within the pore space, computed from Eq. (14). (e, f) Stress components o,

and o,,, respectively, computed from Egs. (15) and (17). (g, h) The positive and negative components of the elastic energy, respectively. contributing to the
crack initiation and propagation is computed from Eq. (19). (i) Crack initiation and propagation within solid phase represented by phase-field variable d.

1.5 x10~> mol/mm? of corrosion products have precipitated. The delay is caused because locally, a precipitate Vppi (%) must expand
to the associated cell volume V(x) to exert pressure (see Eq. (13)). Therefore, a precipitate must reach a threshold concentration
locally to exert pressure. The initial drop in the average stresses is due to micro-crack initiation (see Fig. 5d—e) and the relaxation
caused due to it. The initiation and propagation of micro-cracks also affect other mechanisms. For example, internal cracks increase
the porosity of a solid phase (see Fig. 5¢) and thus facilitate the diffusion of chemical species further into the solid phase. To this
end, we use the damage variable from the phase field to estimate the increase in the porosity of a fractured region, d = 0 being
non-porous and d = 1 being completely porous (see Fig. 5f). The total porosity of the RVE increases as the micro-cracks initiate
and propagate within the solid phase of the RVE (shown by the blue curve in Fig. 5c). Although in this study, we do not consider
the effect of porosity change on other mechanisms (for example, diffusion), the micro-structure changes must be coupled to the
other physical mechanism. Since the quantities, such as the concentration of ferrous ions and damage values per grid point, are
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Fig. 4. Multiscale approach for diffusion process: Schematic of employed multiscale approach for Section 3.2. (left) Each material point X at the macroscale is
coupled to a representative volume. The lower side of the bar is subjected to a constant flux of ferrous ions. The macroscale concentration gradients are passed
to the coupled RVE to compute the diffusive flux (from Eq. (7)). The local diffusive flux j(x) is then averaged over an RVE and is passed to the macroscale to
perform the diffusion at the macroscale. The macroscale concentration c¢(X) thus computed is passed to the RVE to compute local concentrations of precipitates
within the pores. (middle) Approximated pore space generated using the pore-network algorithm that does not preserve porosity. A few pore spaces, shown in
dark grey, are isolated from the boundaries (including the top boundary) and thus do not contribute to the diffusion process. (right) Pore space is generated
from the modified pore-network algorithm that preserves total porosity.

stored in a standard vector or matrix format (no special data structures are required), the coupling of the process through data
exchange is straightforward. Furthermore, a regularized description of fracture also allows for coupling the fracture process with
the ingress of chemical species due to increased porosity, which makes the study of the interplay among mechanisms feasible (Wu
and De Lorenzis, 2016).

Although the phase-field formulation employed in the numerical framework is robust in handling crack initiation and propagation
and subsequently, coupling to other physical processes, it also leads to some non-physical observations. For example, a closer look
at Figs. 2 and 6 shows that cracks also develop within the pores. This is mainly because of the diffusive representation of a sharp
crack over a length 2/,. When a crack originates within the solid phase along the interface, due to its finite width of 2/,, a part
of it also develops within pores. However, such cracks within the pores never further develop or lead to crack propagation within
the pore phase (as seen in Fig. 6). Therefore, the development of cracks within the pores is a numerical artefact of the phase-field
formulation employed, which can be reduced by taking a smaller value of the length scale parameter /,.

Finally, we note that the above simulation took approximately 4 h when performed on a single-core machine.

4. Comparison with a Euclidean pore space

The main advantage of an FFT-based methodology is that it preserves the actual microstructure. As previously mentioned,
conventional numerical frameworks approximate the fractal pore space to reduce computational complexities. This considerably
approximates the various physical processes that lead to corrosion-driven fracture.

To demonstrate the effect of pore space approximation on corrosion-driven mechanisms, we simplify the 2D fractal pore space
considered in Section 3 and repeat the multi-scale simulation with the same conditions as the actual pore space. We use the pore-
network approach (Gostick, 2017), employed primarily for studying flow or diffusion in porous media, to simplify the complex
pore space using spheres and cylinders (see Fig. 4). The approximation of the pore space results in lower total porosity (y = 0.29)
compared to the fractal pore space (1 = 0.36), and also the isolation of certain pore space from the boundaries (see dark grey in
Fig. 4-middle). Since only open pores contribute to the diffusion process, we set the diffusion coefficient of isolated pores to that of
the solid. The effect of reduced pore space can be seen in the diffusion of ferrous ions along the bar and the precipitation of corrosion
within the pores (see Figs. 7a and 7b). As expected, an approximated pore space, with reduced porosity, allows less diffusion of
ferrous ions compared to the fractal pore space and consequently has a slower precipitation rate than the actual pore space (see
Fig. 7b for the RVE located at 5 mm from SCI). For an RVE located further away from the SCI, the concentration of diffused ferrous
never reaches the solubility limit. Hence, precipitation never occurs (see Fig. 7c for the RVE located at 15 mm). Compared to a
fractal pore space, the stresses develop much later in an approximated pore space due to the slow precipitate rate (see Fig. 7d).
The delay is significant as we go further away from the SCI (see Fig. 7e where stresses have not developed for an approximated
pore space). Furthermore, the maximum value of the average stress &,, in the solid before the crack initiation is also different. The
maximum stress increases by a factor two from the fractal pore space to the approximated pore space. Additionally, the way the
micro-cracks initiate and propagate within the solid phase is entirely different in the two cases (see Fig. 7g-h).

In the previous example, we employed the pore-network algorithm, which inscribes spheres and cylinders within a pore space
for approximation. As a result, the total porosity is not preserved, and the differences observed in the previous section are mainly
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Fig. 5. Evolution of damage, average stress and total porosity. Different corrosion-driven mechanisms are shown for the RVE located at 5 mm from the steel-
concrete interface. (a) Evolution of average concentration of corrosion product over time. (b) Development of average stresses (o), (red) and (o), (green). (c)
Increase in total porosity of the RVE due to internal cracking. (d—e) Evolution of internal cracks represented by the damage 4 within the solid phase of the RVE
at two different time instances indicated by grey lines in (b). (f) State of porosity within the solid phase of the RVE at a time instance indicated by grey line

in (c).
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Fig. 6. Numerical artefacts of phase-field formulation. Damage variable is shown over the entire domain of the microstructure, ie. in the solid and pores, for
the fractal pore structure at times corresponding to (a) Fig. 3d and (b) Fig. 3e.

due to the variation in porosity. To analyse the influence of pore shape, we again approximate the fractal pore space but preserve
the porosity. To this end, we increase the radii of the inscribed spheres until the approximated pore space has the same porosity as
that of fractal space i.e. n = 0.36. Fig. 4(right) shows the approximated pore space with the same porosity. Preserving the porosity
leads to a similar concentration profile of diffused ions along the bar. Consequently, a similar precipitation rate within the RVEs
located at Y = 5 mm and 15 mm (see Figs. 7b and 7c¢). Although the maximum stress value ({c),, ~ —200 MPa for RVEs at 5 mm
and 15 mm) and the start of failure (+ ~ 2000 sec for RVE at 5 mm and ¢ ~ 4000 s for RVE at 15 mm) are approximately the same,
the evolution of stresses post-cracking is significantly different. The post-cracking stresses in approximated pore space (1 = 0.36)
are much higher compared to actual pore space (see Figs. 7d and 7e). The undamaged solid phases (indicated by blue colour in
Fig. 7g-i), which are under compression as precipitates grow within the pores, contribute to the post-cracking stresses. The variation
in micro-cracks propagation within the two spaces (see Fig. 7g—i) significantly affects how the undamaged spaces are created and
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Fig. 7. Comparison with Euclidean pore space. (a) Ferrous ions concentration profile along the length of the bar after 3260 s The colours indicated the three
different RVEs considered: actual pore space (blue), approximated pore space generated from the pore-network algorithm (red) and approximate pore space with
the same porosity as actual pore space (black). (b-c) Amount of corrosion product precipitated within RVEs. The two RVEs considered are 5 mm and 15 mm
from the steel-concrete interface. The location of the two RVEs is indicated with grey dotted lines in (a). The value shown for the concentration is averaged
over an RVE. (d-e) Development of stresses (c),, at the same two RVEs. The stresses value shown are averages of stresses within the solid. (f) Percentage of
damaged solids within the RVE located at 5 mm. A material point within an RVE is considered completely damaged once the damage variable value exceeds
0.9. (g-i) State of micro-cracks within the three types of RVE considered. All the states shown are at time = 3260 s.

how the stresses develop locally within such undamaged areas. Given that the same percentage of solid phase has been damaged
(~ 30% see Fig. 7f) in the two spaces, the different post-cracking stresses highlight the necessity for accurate resolution of local
stresses and micro-cracks. The effect of pore shape approximation is much more distinct for pore spaces with low porosity. Fig. 8
compares mechanisms for a pore space with a porosity of 7 = 0.17. Unlike for high porous spaces, preserving the total porosity does
not result in the same diffusion profile, possibly due to the isolation of pores from the boundaries. As expected, the differences in
the diffusion of ions lead to different precipitation rates and the development of stresses within RVEs. Especially for the RVE located
far from the steel-concrete interface at 15 mm (see Fig. 8c).
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Fig. 8. Comparison with Euclidean pore space at low porosity. (a) Ferrous ions concentration profile along the length of the bar after 3260 s The colours
indicated the three different types of RVE considered: actual pore space (blue), approximated pore space generated from the pore-network algorithm (red) and
approximate pores space with the same porosity as actual pore space (black). (b—c) Evolution of stresses within the solids of an RVE. The results in (b) and (c)
are for RVEs located 5 mm and 15 mm from the steel-concrete interface. The stresses shown are (c),,, averaged within the solid of an RVE. The dotted lines
in the figures indicate the precipitate’s concentration and evolution over time within an RVE. The values shown are average values.

In the previous two sections, we employ the proposed methodology to show the effect that an approximation of the pore space
and shape has on corrosion-driven mechanisms. A detailed study that characterizes the exact differences in various mechanisms that
arise due to the approximation of pore space and shape is beyond the scope of this paper and will be considered for future work.

5. Discussion

Although cementitious materials have been around for centuries, little to no attention has been given to the influence of materials’
micro-structure on the corrosion-driven propagation phase of failure. The focus has been mainly on macroscopic properties, such
as overall porosity or electrical resistivity. As we showed in our analysis, having the same porosity but different microstructure
(Figs. 7 and 8) leads to a difference in how various corrosion-driven mechanisms (ionic diffusion, precipitate growth and stress
development) evolve. This also directly affects how cracks initiate and propagate at the micrometre scale, which will impact
different corrosion-driven mechanisms in a later stage. For example, in Section 4, we compare two microstructures with similar
pore networks and the same Euclidean pore shapes. For the same concentration of ions (see Fig. 8a) as well as of the precipitate
(see Fig. 8b) at the macroscale, the microstructures with Euclidean pores have different stress evolution Fig. 8b. Even though one
of the physical processes, in this case, ionic diffusion, is the same at the macroscale, the stress development is significantly different
for the two microstructures. This emphasizes the importance of microstructure details to a multi-physical problem indicating
that microstructure features affect different corrosion-driven mechanisms differently; therefore, understanding a multi-physical
process from macroscopic parameters alone is insufficient. The pore-size distribution obtained experimentally is another measure
often employed to include micro-scale features in predicting corrosion-related mechanisms. However, measurements obtained from
common techniques assume that pores are cylindrical or spherical. As we showed, approximating a complex pore shape with
smoother features can lead to different behaviour of corrosion-driven mechanisms. Furthermore, measures such as overall porosity
or the pore size distribution lack information regarding the geometry and spatial arrangement of pores or, conversely, solid phases,
which is critical for understanding local stress state and crack initiation (see Fig. 5). For example, in Section 4, we rationalize
how different features of a microstructure influence different corrosion-driven mechanisms. We compare the same pore network
with two different pore shapes and observe how it leads to differences in various corrosion-driven mechanisms. A microstructure
with fractal pores facilitates more diffusion than the Euclidean pores for the same overall porosity, especially at low porosity (see
Fig. 8a). This impacts the growth of precipitates within pores (see Figs. 7b and 8b) and the stress development due to the growth.
For the same growth of precipitate i.e. same average amount of precipitate, the stresses that develop are different, especially after
fracture initiation. Differences in pore shapes and geometry impact stress development and crack evolution differently. Determining
the desired values of such microstructure features could help better understand corrosion-driven mechanisms and increase the
serviceability lifetime of concrete structures in corrosive environments. It is foreseen that the proposed framework will thus
contribute to a better understanding of corrosion-driven damage by answering the question — how do different microstructure
features (pore shape, pore geometry, spatial distribution of pores) affect corrosion-driven-mechanisms and, subsequently, contributes
to the material’s durability against corrosion-driven damage. Moreover, with the help of our proposed framework, one may optimize
the cement fabrication measures or parameters such as cement composition, water-cement ratio and hydration degree that influence
microstructure features in cementitious materials. We consider such fundamental consideration important, especially in the context
of the significant endeavours towards fabricating novel cementitious materials by chemically altering micro-structure (Zunino and
Scrivener, 2022). The presented approach could be extended to other multi-physical processes in porous media where nucleation of
fracture at the microscale is critical to the system, especially its long-term effect on the multiple processes involved. For example,
damage in cementitious materials due to freeze-thaw (Gong et al., 2015; Gong and Maekawa, 2018) where ice formation and
expansion within pores contribute to crack nucleation, alkali-silica damage where reactions between alkaline pore solution and
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minerals lead to deposition of products and micro-cracks nucleation (Rezakhani et al., 2021) or sulfate attack in concrete where
formation of ettringite and gypsum leads to fracture nucleation (Miillauer et al., 2013; Cefis and Comi, 2017). To identify the features
of a microstructure that are critical to corrosion-driven damage or other above-mentioned processes, a detailed statistical analysis of
three-dimensional RVEs is necessary. This remains difficult as it requires a complete analysis where both diffusion and stresses are
solved in a multiscale setting. Moreover, since the features of a microstructure will evolve (due to the deposition of precipitates and
formation of crack channels as shown in Fig. 3), both processes must be coupled. Even though the FFT framework, as proposed here,
is computationally efficient (as can be seen by the computational cost reported in Sections 3.1 and 3.2), its efficiency suffers when
the property contrast between phases is significantly high. This asks for computationally efficient solvers or algorithms, compared
to the ones employed here, capable of handling large differences in phase properties. The optimization of the algorithm with respect
to computational efficiency is beyond the scope of this paper and will be considered for future work.

Lastly, the proposed numerical framework could be improved by validating it with experimental data, although specifically
designed experiments are needed to provide the required validation data. In the present study, we assume certain conditions
or parameters largely due to a lack of experimental values. For example, the corrosion rate or diffusive flux value employed
in Section 3.2 is assumed to be constant along the entire steel-concrete interface. However, under conditions representative
for engineering structures, the corrosion rate is variable as it depends on time-variable exposure conditions, and ultimately the
electrochemically active steel surface i.e. steel surface in contact with water. Recent studies (Stefanoni et al., 2018a) estimate this
variability that could be incorporated into the numerical framework for better predicting corrosion-driven mechanisms. Similarly,
in the present framework, we assumed two distinct values of § in Eq. (11) (ie. fyo. and fyiq) to compute local concentrations
within the pores. This numerical trick ensures that the local concentration values satisfy certain macro-scale conditions. However,
the physical significance behind this f parameters remains unknown, which should be verified by comparison with experimental
observations. Furthermore, we also assume that the entire pore space of an RVE is saturated with water. A better estimation of the
condensation of micro-pores would be helpful in further improving the proposed numerical framework. We believe these assumptions
or limitations of the proposed numerical framework can be surmounted by actively verifying the model with experimental results
and designing experiments to elucidate details of the microstructure of cementitious materials.

6. Conclusion

This paper presents a numerical framework for fracture within fractal porous media where the interplay among different physical
mechanisms drives the fracture. The proposed FFT-based spectral integral methodology is computationally efficient and easy to
implement for fractal pore spaces, and its extension to a multi-scale approach is straightforward. We highlight the capability and
the robustness of the spectral-integral method to resolve different physical problems, e.g., diffusion and mechanical, within complex
micro-structure, such as fractal pore spaces in cementitious materials. We show the significance of actual pore space by drawing a
comparison with an approximated pore space, as usually done in the literature. Our comparisons show that the approximation of pore
space may severely underestimate various physical mechanisms (e.g. reactive transport) and fracture initiation and propagation. The
present methodology thus opens a path for a better understanding of the effect of complex pore spaces, an aspect often neglected or
crudely approximated, on corrosion-driven mechanisms in cementitious materials. Although this paper mainly focuses on corrosion-
driven fracture in concrete, the presented methodology is general. It can be easily extended to other multi-physics-driven fractures
in complex porous media.
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Appendix A. Projection operator

The main objective of the projection operator (G or G) in the FFT Galerkin approach is to project an arbitrary tensor into
a compatible one. For a diffusion problem, the compatible tensor is the concentration gradient (1%-order) and for the elasticity
problem, the compatible tensor is the strain tensor (2%-order). The convolution operations G * Vc and G * ¢ in the Fourier space
can be expressed as:

A8 = 55OV, (9, (Ala)
A& = 6,51 EEm(E) (A.1b)

where 2\[(5) and Z,-\j(.f) are the respective compatible tensors in Fourier space. For a diffusion problem, the concentration gradient
Ve(x) is only a gradient of a scalar field i.e. the concentration of diffusive species c(x). Similarly for an elasticity problem, a row
vector of strain tensor is only the gradient of a component of the displacement field u(x). An arbitrary field vector f(x) is only
the gradient of a scalar field g(x) if its curl vanishes, i.e. V X f(x) = 0. Furthermore, f(x) must be periodic. These two conditions
thus form the compatibility conditions. Since the periodicity of f(x) is inherently satisfied by the Fourier transform, the projection
operator g,; (&) is formulated such that the curl of f(x) vanishes. Leute et al. (2022) mathematically prove that §,-7(§) =i - (ié)jf1
projects an arbitrary field into a compatible one in a least-square sense, i.e. the residual vector R = Vg(x) — f(x) is minimized. In
the expression for the projection operator, (i€)~! is the inverse of the Fourier representation of the gradient given as

N -

&~ = _ié T (A.2)

where i€* is the conjugate of i£. The above relation applies only for i& - i€* # 0, otherwise 0.
Appendix B. Sensitivity analysis
See Fig. B.9.
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